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Abstract : A large family of qualemaiy borocarbidcs RNi.B^C (R » Lu, Y, Ho, Dy) was discovered which have separate phase of anti- 
lcrr(»magnetism (AFM), superconductivity (SC) and co existent anii-lerromagnctic superconductivity. We propose a spin*dcnsity-wave (SDW) state 
as a possible mechanism of the anomalours anli-ferromagnciism in the borocarbide superconductors. In this SDW slate, the electron-hole pair 
amplitude changes its sign in the momentum space The BCS type mean field superconductivity and a mean field SDW in Hubbard model arc 
considered. The superconducting gap and SDW gap are calculated by Zubarev's technique of equation of motion method and are solved self- 
coiisi.siently for different model parameters. The co-exislence oi'superconductivity and anli-ferromagnciism for both of the cases ie. 1\ > and T, 
< /v are explained.
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1. In t r o d u c t io n
ll IS w ell k n o w n  th a t  th e  sp in  d e n s ity  w a v e  (S D W ) an d  
superconductiv ity  (S C ) c o -e x is t  in  a  v a r ie ty  ol sy s tem s , 
e.ii, the c o -c x is te n c e  is w e ll d o c u m e n te d  in  th e  itin e ran t 
unii-fciTom agnetic m e ta l C r  an d  its  a llo y s  [1], o rg a n ic  
layered su p e rc o n d u c to rs , th e  B c c h g a a rd  sa lts  (T M T S F )X , 
with X = PFfi, AsFft an d  CIO4 [2] a n d  h ea v y  fe rm io n  
systems U R u 2S i2 a n d  Ui„jcThjcBei3 [3 ]. It is o b se rv e d  th a t 
URu2Si2, U N i2A l3 a n d  U P d 2A i3 c o m p o u n d s  a re  S D W  
super-conducto rs b u t w ith  d if fe re n t d e g re e s  o f  m ag n e tic  
m om ent lo c a liz a tio n . A ll  th e s e  sy s te m s  h a v e  a  low  
dimensional s tru c tu re  an d  e x h ib it  F erm i su rfa ce  in stab ilities  
which d rive  th e  S D W  tra n s it io n . O n e  ca n  te n ta tiv e ly  ad d  
to these c la sse s  o f  m a te r ia ls ,  th e  h ig h -r , .  p e ro v sk ite  o x id e  
superconductors, L a2-jtSrjfCu0 4  a n d  Y B 2C\X)0 ^^s w h ich  
have tw o  d im e n s io n a l  s t r u c tu r e s  a n d  in h ib i t  a n l i -  
l^errornagnetic o rd e r  [4J, a s  th e  p ro b a b le  c a n d id a te s  lo r  
the co -ex isten ce  o f  S D W  a n d  S C . In  th e se  c o r re la te d  
superconductors, th e  p o rb a b il i ty  o f  c o -e x is te n c e  o f  S D W  
SC has b ee n  d e m o s tra te d  [5 ] a t th e  m e a n  f ie ld  lev e l.
R ecen tly , the  la rge  fa m ily  o f  q u a te rn a ry  b o ro c a rb id c s  
w as d isc o v e re d , w h ich  h av e  s e p a ra te  p h a se s  o f  a n ti-  
f e r r o m a g n e t i s m  (A F M ) ,  S C  a n d  c o e x i s t i n g  A F M  
su p c rc o n d u c tiv iy  [6 -1 0 ] .  I t is p o s s ib le  to  s tu d y  th e  
in te rp lay  o f  A F M  an d  S C  fo r  b o th  th e  ca.ses, 7 ;  >  
an d  7; <  Tn. In c o m m e n su ra te  m a g n e tic  s tru c tu re s  (S D W s) 
w ith  the w av e  v e c to r  ( z  0 .5 5 , 0 , 0 ), o r ig in a tin g  fro m  th e  
F erm i su rfa ce  n es tin g  a re  fo u n d  fo r  L u N i2B 2C  [1 1 -1 3 ] ,  
Y N i2B 2C  [12 ], T b N i2B 2C  [1 4 ], E rN i2B 2C  [1 0 ,1 5 ,1 6 ] ,  
H o N i2B 2C  [10,171, G d N i2B 2C  [18] a n d  w ith  w a v e  v e c to r  
(~  0 .0 9 3 , 0 .0 9 3 , 0 ) fo r  T m N i2B 2C  [1 0 ]. I t  is  n a tu ra l to  
m ak e  an e x tra p o la tio n  th a t o th e r  m e m b e rs  o f  th e  fa m ily  
m ay  p o sse ss  th e  sam e  p ro p e rty . E sp e c ia lly  in te re s tin g  is  
th e  s itu a tio n  in H 0 N 12B 2C  w ith  Tn 8 .5  K  a n d  ^  8 .0  
K [10 ]. H ere , su p e rc o n d u c tiv ity  te n d s  to  b e  a lm o s t re ­
e n tra n t n e a r  5 K , w h ich  is re v e a le d  b y  th e  c r itic a l f ie ld  
H c2 m e a su re m e n t.
In  v iew  o f  th e  s im u lta n e o u s  p re se n c e  o f  th e  S D W  
an d  S C  s ta te s  in ^these w id e  c la s s  o f  m e ta ls , i t  is  b u t 
n a tu ra l to  e n q u ire  as  to  h o w  th e  p ro p e r tie s  o f  e a c h  o f  th e
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individual phases become modified due to the presence 
of the other, In Section 2 of this paper, we formulate the 
mean field theory of the coexistent, SDW-SC phase. In 
Section 3, the single particle Green’s functions and the 
corresponding gap equations of the SDW and SC order 
parameters are obtained by equations of motion method 
of Zubarev |I9J. The interplay of SDW and SC parameters 
further establish the fact that the two states tend to 
inhibit each other. The SDW and SC coupled gap 
equations are solved self-consistcntly and the results are 
discussed in Section 4. In the concluding Section 5, 
attempts are made to correlate the results of this 
calculation to those observed by experim ents in 
borocarbide systems.
2. Formalism
In case of a correlated system, the SDW state arises due 
to the repulsive intratomic (Hubbard) Coulomb repulsion 
(t/) between the electrons, driven by a Fermi surface 
instability. This arises predominantly due to the existence 
of nested pieces of Fermi surface with electron-hole 
symmetry given by
= S k ,  (1)
where Q is the SDW wave vector equal to twice the 
Fermi wave vector in a particular direction and is the 
electron enei;gy. This nesting property is a manifestation 
of the low dimensionality of the system. If nesting is not 
perfect then the Fermi surface is only partially destroyed 
due to the appearance of the SDW gap (2G). This allows 
for the possibility of occurrence of a superconducting 
instability provided there is an effective attractive 
interaction between the electrons. A mean field 
Hamiltonian can be constructed for the SDW state arising 
from the Hubbard Hamiltonian [20]. Similarly we assume 
that the SC state is described by the BCS reduced 
Hamiltonian, where the effective interactive interaction 
between electrons is produced by the suitable exchange 
o f an excitation which gives rise to the high transition 
temperature as shown by the authors [21] Behera et al 
have studied the phonon response of the high temperature 
superconductors in the co-existence of SC and SDW 
phase [22]. Recently Rout et al [23] reported a model 
study of borocarbide system describing the co-existence 
of the SC and AFM in presence o f hybridization. The 
mean field Hamiltonian describing the coexistent SDW- 
SC state is given by
« -  S ' . -f c j ;  )
it,cr k
k
(2)
where are the annihilation (creation) operators
for the electrons of the nickel atom and €i is the kinetic 
energy of the electron with momentum k and spin a  The 
G and A are the SDW and SC order parameters given by
(3)
(4)
with U and V being respectively the repulsive Coulomb 
and attractive interaction strengths.
3. Calculation of gap equation
In order to determine the gap equations, the following 
four Green's functions are defined in terms of electron 
operators as
G)(A:,£U) = ^
G2ik,0))-{
G2(k,0»^{A -
G^(k,Q)) = {
A ) . (5)
The coupled Green's functions are evaluated explicitly by 
using the Hamiltonian given in eq. (2) using Z ubarev 's 
equation of motion method [19].
(o )-6 * )G i(k ,<u)= -^  + GG2{*,<u)+ i4G3(*,a)),
27T
{q)+ e  I, )02{k,a))= GG, {k,0) ) -  AG4 {k,(u),
{(i}+Sic)G2{k,ct))=G^{k,(t))-^-AGi{k,(o),
(o)+e*)G4(ifc,a))= ~GG2ik,(o)-AG2{k,(o).
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In order to determine the gap eqs. (3) and (4) for the 
SdW and SC states respectively, it is necessary to evaluate 
the Green's functions. The above coupled equations are 
solved to get these Green’s functions which are given 
below.
Giik,(o)=‘ 2;r|D(ft>)|
2n\D(0>f
Ch{k,(0} =
C nik,(0) =
A((o‘' ~ g u ) 
~2^Di(0)\
— 2GA{o)-^Ej^ )
2;rlD(w)|
(7)
where
E{L ’ ^2k - +^ 2 • A,2
<’U = 7^ 4 +A^ • 2^k -  “ A'A ’
(8)
The expressions for the order parameters G and A defined 
by eqs. (3) and (4), are calculated from Green's functions 
G2((o) and Gj(<y) respectively. After simplification, those 
are written as
PE2k. A, f+"o , . 4 = — 1 de,,A -^ ta n h f + - ^ ta n h
4 * L^u l, 2 J E2k 1
(9)
and
o . i £ | r f s , o -tanh
'Ik
■ A .
^2t
tanh
2
the highest frequency of the boson whose exchange 
brings about the attractive interaction between the 
electrons. All the quantities entering eqs. (9) and (10) are 
made dimensionless after dividing those by cop. Thus the 
dimensionless order parameters are redefined as AlcOp = 
Z and G/(Op = g, the variables as EiJcop = a\  kuTIcop = 
t, W Icop^W ,
4. Results and discussion
there is a family of borocarbide superconductors where 
the N^el temperature 7’yv is greater than the super­
conducting transition temperature T,. There is also another 
^mily of this system where To discuss our
tfecoretical model for these two families of borocarbide 
system, we have selected two sets of coupling constants, 
one for the SC {Le, /li) and another for magnetism {i.e. 
^q). The interplay between the SC and the SDW states is 
discussed below on the basis of our model.
(A) Case < Tc :
The temperature dependences of the SC order parameter 
z{t) for the SC coupling constant = 0.238605 and the 
SDW order parameter g(t) for the SDW coupling constant 
/I2 = 0.130362 are shown in Figure 1.
0.03
0.025
0.02
0.015
0.01
0.005
0.015 0.02
(10)
where = A^ (0) and /ii = N(0)U arc the dimensionless 
SC and SDW coupling constants respectively with A^ (0) 
being the density of states at the Fermi level. Further 
*norc, the cut off energy Es of the SDW state is defined 
as the energy above the Fermi energy which destorys the 
nesting of the Fermi surface completely. Similarly (Op Is
0 0.005 0.01
Figure 1. The plot of z v'S / for fixed values of ^  = 0. * 0.238605, = 0
and the plot of ^  v.s / for fixed values of z = 0, vti = 0, Aa = 0.130362.
This choice of coupling constants corresponds to the 
systems with > Tc- The two individual parameters ^(0 
and g(t) in absence of each other exhibit usual BCS like 
mean-field temperature dependence. The SC transition 
temperature tc z  0.017 and the SC gap z{t = 0) n  0.03 
which corresponds to lA iO W c  z  3.52. Similarly the 
SDW system gives a N6el temperature tN z  0.011 and 
g(t = 0) -  0.019. Since the long range orders are present
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simultaneously i.e. for the case of co-cxistence of SC 
and SDW, the eqs. (9) and (10) are solved self- 
cosnsistently for the same values of coupling constant as 
shown in Figure 2.
Figure 2. The self-consislenl plot of i  j? r for fixed values of = 0.238605, 
/l2 = 0 130362.
In the co-existent phase, both the SC and SDW states 
are suppressed considerably. However, even though the 
coupling constants are same, the SDW transition 
temperature In is greatly enhanced as if the roles of the 
SC and the SDW are reversed with > t, as shown in 
Figure 2. This situation depicts a similar situation > f<. 
observed in boracarbide system DyNi2B2C with Tn = 10 
K and Tc = 6 K. The SC order parameter shows a mean 
field behaviour with the value l^hgT,- -2.66 which is 
slightly less than the universal BCS constant. The SDW 
order parameter at the outset increa.ses as the temperature 
is lowered below attains a maximum around tfJ2 and 
then starts decreasing at the onset of SC i.e. in the 
temperature range t < r,..
The effect of SC coupling constant on SC order 
parameter z(t) and SDW order parameter g(t) is shown in 
Figure 3. The increase in SC coupling constant At 
decreases the SC order parameter and pushes the transition 
temperature tc to lower temperatures. However, the 
parameter z{t = 0) remains unaltered with change in 
value of At. This contradicts the BCS type behaviour. It 
is obtained that the SDW gap g(f) increases throughout 
the temperature range with increase of At. But the N6el 
temperature (tu) is enhanced in the co-existent phase.
The effect of SDW coupling constant Ai on SC gap 
parameter z{t) and the SDW gap parameter z(r) in co­
existent phase is shown in Figure 4.
Figure 3. The self-coiisistcnt plot of c  j? vs t for fixed value of = 0.130363 
and for different values of A, = 0.238605, 0 237355,0.236105.
Hgure 4. The self-consistent plot of z,gvsi for fixed value of At = 0.23800  ^
and for different values of = 0.133862,0.132862,0.131862, 0.130.362
The SDW coupling Aj enhances the SC gap parameter 
through out the temperature range. In the process, SC 
transition temperature t^  is enhanced. It shows as if the 
SDW coupling acts as the SC coupling. On the other 
hand, the SDW coupling constant enhances the SDW 
gap parameter g(t) in the temperature range where the 
co-existent pha.se exists. However, the SDW gap remains 
unaltered for the temperature t > tc, keeping ts constant. 
(B) Case Tn > Tc :
Another set of coupling constants At = 0.188605 and A: 
= 0.130362 are selected to give the transition temperatures 
Ts > Tc in their individual phases [see Figure 5].
When the two phases co-exist and interplay each 
other, the self-consistent solutions of the eqs. (9) and
(10) for the above set of parameters give temperature 
dependences of the SC gap z(t) and SDW gap g(0 
shown in Figure 6.
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The effect of SDW coupling A\ on the SC gap zU) 
and SDW gap g{t) is depicted in Figure 8.
0 01
Figure 5. I'he plot of g  vs t for fixed values of z = 0, = 0, A; = 0 130'^ 62
,uui the pl<ii of r vs t ior fixed values of g = 0, A| = 0.188605, =  0.
Figure 1, flic sclf-consistcnl plot of g, z vs t for fixed values of Aj =: 0.130362 
wul for different values of A, =0.191105, 0.188605, 0.187355.
The SDW coupling suppresses the SDW gap 
through out the temperature range and also suppresses 
the N6cl temperature. The increase of SDW coupling Xi 
enhances the SC gap z ( t )  through out the temperature 
range and pushes the SC transition temperature to higher 
temperatures. It is clear from the Figures 7 and 8 that
Figure 6. llic self-consistent plot of .v. z va / for fixed values of Aj = 0.188605
and/t. rrO L10362.
This corresponds to a system with This
situation is realized in the TmNi2B2C system with 7]/!]  ^
-'7.33 which is observed experimentally. Both the gap 
parameters exhibit mean-field lemparature dependence. 
Ihc SC order parameter at the outset increases as the 
temperature is lowered below attains a maximum at 
around tJ2 and there after starts decreasing towords the 
low temperatures.
The effect of SC coupling constant A\ on the 
temperature dependence of both the gap parameters is 
shown in Figure 7.
An increase in the SC coupling constant A\ enhances 
both the SDW gap and N6el temperature where as it 
enhances the SC gap parameter z(t) in the temperature 
range r < in the co-existent phase. However the gap 
*^ ^mains unaltered for the temperature t > keeping 
constant.
Figure 8. The self-consistent plot of g, z vs  / for fixed values of .i| = 0.188605 
and for different values of = 0.130362, 0.130062,0.129762.
the roles of the SC coupling Ai and SDW coupling A-z 
are reversed. In other words, the SC coupling Ai acts as 
the SDW coupling while the SDW coupling Az acts as 
the SC coupling.
5. Conclusion
We have considered a model Hamiltonian consisting of 
BCS type mean field term for superconductivity and the
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mean field spin density wave term for the conduction 
electrons of the borocarbide system. The Hamiltonian is 
solved for the SC gap parameter and the SDW gap 
parameter by using Zubarev type Green’s function 
technique. These two gap parameters are solved self- 
consistently by adjusting the two coupling constants i.e. 
SC coupling y^ l and SDW coupling A: for the situation 
T( > Tn and T,. < appropriate for the general
borocarbide systems RNi;BjC (R= Lu, Ho, Tm, Dy.... ).
The numerical .solutions show that both the SC and 
SDW gap parameters exhibit mean field temperature 
dependence. However one gap param eter shows 
suppression at low temperatures where the other phase 
co-exists with it and the vice-versa. Moreover, the SC 
coupling constant acts as the SDW coupling constant and 
the vice-versa. Similar observations are indicated in the 
communication [23] consisting of a model Hamiltonian 
containing superconductivity and anti-ferromagnetism 
arising due to the same conduction electrons and a weak 
hybridization between the conduction electrons of the 
nickel atom and the /-electrons of the rare-earth atom.
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